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Abstract 

Conformal field theories based on g/u(l) d coset constructions where 
g is a reductive algebra are studied.lt is shown that the theories are 
equivalent to constrained WZNW models for g. Generators of ex- 
tended symmetry algebras and primary fields are constructed. 

In a recent paper U currents, primary fields and generators of disctete 
symmetry groups of g/u(l) d , d = 1, . . . rank g, coset conformal field theories 
[0, ||] for simple Lie algebras g were constructed. The construction is based 
on operator quantization of the WZNW theory for g with the constrained 
affine Lie algebra u{l) d associated with u{l) d . In this article we consider 
the g/u(l) d coset theory where g is a direct sum of simple and abelian Lie 
algebras. Using a version of the generalized canonical quantization method 
j|, we show that this theory is equivalent to a constrained WZNW theory 
and find parafermionic currents and primary fields. They are expressed in 
terms of the initial fields and free bosons. The theory has a discrete symmetry 
group which is generated by an abelian subalgebra of g. 

Studies of such theories were initiated in || where su{2)/u{l) parafermionic 
algebra was constructed and it was shown that the corresponding theory de- 
scribes a critical system. 
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Let us consider the WZNW theory 0, [7|] for g = gi + g 2 + . . . + Qm-, 
where are simple Lie algebras for 1 < /i < M' and g^ = u(l) r ^ for 
M' + 1 < fi < M.We treat only the golomorphic part of the theory. Let 
be the central charge of the affine Lie algebra g^ associated with g^. 

The affine Lie algebra g = g x + g 2 + . . . + §m is generated by elements of 
the form 

M' M V 

/i'=l aeA M , |U"=M'+1 s=l 

where is the set of the roots and E^,(z) are step generators of g^i , H s „(z) 
are generators of w(l)V', 6 = (6",, 6®„) are numbers. 

Let be simply-laced. In this case the currents E%(z),H s „(z) and the 
energy- momentum tensors L^{z) associated with g^ via Sugawara construc- 
tion can be expressed in terms of the bosonic fields 

= x* - la^logz + i £ ^z~ n , (2) 

where s = 1, . . . r M , ry = ran/c g fl >,j = 1, . . .k^, // = 1, . . . M and nonvanish- 
ing commutators of the modes are given by 

<o] = <(_„)] = n. (3) 

The bosonic construction for £y (z) and (z) reads || 

W = E : : cj, a , = £id,<p$,{z). (4) 

i=i i=i 

where :: denotes normal ordering with respect to the modes of the bosons, a 2 = 
2 and c? , a is a cocycle operator. The bosonic construction for L^i was obtained 
in 



T0|1 • L e t H*,(z), 1 < s < ry be the currents of t^y which are defined by 



k i 

H;,(z) = ±id z ^(z). (5) 
J'=l 



Let G A (z), A = (Afj), s = 1, . . . ry \i = 1, . . . M, be the primary field of 
g and the Virasoro algebra generated by L 9 = Y^tLi which satisfies the 
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equations 



H^ n G x = L fin G x = 0, for n > 0, 

H S „G X = (6) 
L 9 Q G X = A(A)G\ L 9 _ 1 G x = d z G\ 



where H^ n and L^ n are modes of the corresponding fields: H^(z) = J2 n H^ n z n 1 

Lfi(z) = J2n L^nZ n 2 . 

Let us consider the u d (l)k, k = J2ff=i k^, subalgebra of g generated by the 
currents 

M 

H A (z) = £ (7) 

where A = l,...,d, d < r M , // = 1, . . . , M. We shall consider the WZNW 
theory subject to the constraints 

H A (z) « 0, (8) 

This equation can be rewritten in the form 

H A » 0, (9) 

where H A = £f =1 ff£ . 

To quantize the system we put into correspondence with the constraints 
the bosonic fields 

~Aj 

( j ) ^ z ) = q A- t a^logz + tJ2—z- n , (10) 



where nonvanishing commutators of the modes are given by 

[q A d A ]=ik, [d A a A n ]=nk. (11) 

According to a version of the generalized canonical quantization method 
j|, |I|] we replace the constraints (|5|) by the effective abelian constraints 

H A (z) = H A (z) + d<p A {z) «0. (12) 
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It is easy to see that 

H A (z)H B (w) = 0. 
The current E(z) (§]) is replaced by 

M M V 

^) = EEW^ E EW'(4 

//=1 oeA^/ ^t"=A/'+l s=l 

= : e* a *M :, 

where a = (a A ). The new current commute with H A (z) 

H A (z)S{w) = 0. 
The g/u(l) d energy-momentum tensor K = L 9 — L U W , where 

also commutes with H A (z) || 

H A (z)K(w) = 0. 
The operator product expansion of K with £ is given by 

1 /_ 1 M ' 



where 



z — to A; 



1 Af d 

= -—— 2 E 

^ M "=M'+1 A=l 

M' 



+ t-U (E E ^a-^H^H 

l z w ) v=i "6 v 



M d 



+ E E k^b A „d w H~( ir 

H"=M'+1 A=l 



Note that 5£{b, 0) = 0. 

If 6°/ satisfy the equations 

a% = v%„ (21) 

where v 2 is a constant,then eq. fl20|) can be rewritten in the form 

W.) = ^% + - «(6, F"), (22) 

[z — w) 2 z — w 

where 

A = 1 - — v 2 . 

2k 

Let f2 be the algebra generated by S(z) and K(z). Let us define the 
following set of the fields 

T = (U G Q\ U\ &A=0 = 0) . (23) 

Using Wick theorem one can check that for arbitrary U G T and IgU 

UX G T, X£7 G T. (24) 

Hence T is an ideal of Q and the quotient Q/T is an algebra. We shall denote 
by {X(z)} the coset represented by the field X(z). 

The coset field {K(z)} satisfies the g/u(l) d Virasoro algebra: 

{K(z)}{K(w)} = + + M^Hl, (25 ) 

1 v JfX v ;/ 2(z-w) A (z-w) 2 z-w ' V ; 

where c s / u md = c g — d. 

It follows from eq. (]22]) that {£(2;)} is a primary field of the g/u(l) d 
Virasoro algebra: 

W , )H£W} = M£M + M£W1. (26) 

(z — w)^ 2 — w 

The theory has the discrete symmetry group which is generated by H^ , s = 
l,...r tt , t i=l,...M. 
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The initial primary field G x is replaced by 

g\ z ) = G x (z) : e^ (z) :, (27) 
where A A = J2ff=i X A . This field satisfies the following equations 
H A g x = 0, for n > 0, K n Q x = 0, for n > 0, 
K o g x = A(A, A)C? A , = <9 Z £ A - -J- A ■ H_ X Q X , (28) 

where 

A(A,A) = A(A)-^A 2 . (29) 

Let T be the space which is obtained by applying the currents of Q re- 
peatedly to the field Q x . Let 

v = (g eT\g\ 6A=0 = o). (30) 

The space V is an invariant subspace with respect to the algebra fl It follows 
from eq.(28) that {G x } G T/V which is represented by g x is a primary field 
of the coset Virasoro algebra. 

The space T/V can be decomposed according to the transformation prop- 
erties under the algebra generated by H^ , \i = l,...M,s = 1, . . . r M ..The 

s . 



field {Q x } belongs to the subspace with the charges X s - 



H S , {Q X } = A*{£ A }. (31) 

The theory can be formulated in terms of the initial operators xff and 
a^ n .To show this we first note that the coset {S(z)} can be represented by 
the field 

S(z)=S(z)\- a A =ia A. (32) 
It follows from (^) that £ satisfies the equation 

K(z)S(w) = Aj(w j + (33) 
(z — w) 2 z — w 

£ still depends on the auxiliary operators q A . However these operators com- 
mute with x s J,a s ^ n and hence one can set q A = 0. The field So = £\ q A =0 
satisfies eq.(^) as well as E. 

These results can be generalized to non-simply-laced algebras using the 



vertex operator representation of the associated affine KM algebras [11, 12 
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